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Helffer and Nourrigat prove in [2] the following lemma (Lemma 4.52, 
p. 930): In every connected nilpotent group G there exists a discrete subset 
M and corresponding to M a non-negative smooth function cp with 
compact support in G such that 
1 cpW)=l for all x E G, 
ucM 
i.e., the family ((P~}~~,,, of all translates @: x + cp(px) of cp forms a parti- 
tion of unity on G. Partitions of this particular form we shall call uniform. 
The result of Helffer and Nourrigat raises two questions: 
1. Which locally compact groups do admit uniform partitions of 
unity? 
2. Can one describe the sets M which correspond to uniform parti- 
tions of unity? 
The first question has a short answer: All. We shall see that the proof of 
this claim presents no particular difficulties. On the other hand, a com- 
prehensive answer to the second question seems to be beyond the present 
possibilities. Therefore, we restrict our considerations to the simplest 
non-trivial case, namely to the group of reals: G = R. Here we can provide 
a complete solution of the problem: To Mc [w there exists a uniform 
partition of unity {(P~}~~~, if and only if M is the finite union of cosets 
of discrete subgroups, i.e., of subsets of the form aZ + /? with a > 0, fi E R. 
Throughout the entire paper we shall use the following notations: 
G always denotes a locally compact group with left-invariant 
Haar measure dx, 
X(G) denotes the algebra of continuous real valued functions on G 
with compact support, 
XX+(G)= {cp~X(G);cp(x)>O for all XEG}. 
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The convolution between functions, measures, distributions, etc. on G will 
be denoted by f * g, so that in particular for f, g E L’(G), 
f* &)=jf(xy) g(Y-wY. 
E, will denote the point measure in x E G, so that E,((P) = q(x) for x E G 
and (E, * f)(y) =f(x-‘y) =f”-‘( y) for functions f, e.g. f~ L’(G). 
A uniform partition of unity (UPU) on G is a pair (M, cp) with A4 c G, 
VEX++(G), such that 
for all x E G. 
c CPW’X) = 1 C&p * rp)(x)= 1 (1) PEM PEM 
Let m(G) always be the family of all M c G, for which there exists a 
VEX+(G) such that (M, cp) is a UPU. 
The cardinality of a set X will be denoted by #X. Our first result is 
simple as well as fundamental: 
For ME m(G) there exist a q E N and a relatively compact 
open subset W of G such that 
15 #MnxW~q for all x E G. (2) 
Proof: Let cp E Xx+ with C,,,, cp(y -lx) = 1, S the inverse of the compact 
support of cp, and So the open kernel of S. (1) implies that for any x E G 
there exists a p E M with ~-‘xE (SO)-‘, hence p E xS”, i.e., Mn xS” is 
non-empty. Moreover, the sets 
F;={xEG;rp(x-‘)>t) 
are open and contained in S for any real t > 0, hence their closed hulls F, 
are compact. The estimate 
12 C &-lx)= c cp(p-‘x)z#(MnxF,).t 
XC’)&,, F, pEMnXF, 
implies # (M n xF,) 5 l/t for all x E G. For t < max, q(x) we have Fy # @; 
consequently there exists a finite covering W= UT= I zjF, of S. For this W 
we have 
i.e., claim (2) holds with q= [k/t]. We conclude: 
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The set A4 E m(G) is discrete and 
is a discrete Radon measure on G; M n K is finite for every 
compact subset K in G. (3) 
We shall now pass to the proof of our first main result announced above: 
PROPOSITION 1. Every locally compact group G has a uniform partition 
of unity; i.e., m(G) is non-empty. 
For the proof we denote by Q the class of all G with m(G) # Qr. 
Let H be a closed subgroup of G. If H is open or 
co-compact in G, then HE Q implies G E Q. (4) 
Proof (a) Let H be open and ME m(H). We choose a section V for 
G/H, such that G is the disjoint union of cosets vH, v E V. Moreover, we set 
fi = uv VM and claim that ff lies in m(G). To this end we choose 
cp E X’(H) with x,,, &.-ix) = 1 on H, Since H is open in G, cp can be 
considered as an element of X+(G). Let y = vx E vH and i2 = wp E i@. Then 
p-‘y=~-klvx, hence p-‘y~H if and only if w~‘v~pHx-~=H, i.e., 
w = v. This implies 
p-‘y)= c (p(~-~w-‘vx)=~‘p(~-‘x)~1, 
P,W P 
hence fi E m(G). 
(b) If H is co-compact, i.e., G/H is compact, then we can choose a 
$,, in XX+(G) with 
for all x E G. We set II/(x) = Il/,,(x)/$,(x). Then + is in X+(G) and for all 
XEG 
s H$(Y-‘x)&Y=l. 
Now let ME m(H), q E S’(H.), and &, cp(p-‘x) = 1. Then 
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defines a function x in X + (G), for which 
Consequently A4 E m(G), hence G E Q. 
Let H be a closed normal subgroup in G. If H is discrete 
or compact and G = G/H in 52, then also G E 52. (5) 
Proof (a) Let H be compact, A? E m(G), (p E X +(G) and (@, (p) a 
UPU for G. If we define cp E X+(G) by cp(x) = @j(3), X = xH, and if A4 c G 
is a system of representatives for ii& then (M, rp) is a UPU for G. 
(b) Now assume that H is discrete and let again (M, (p) be a UPU 
for C. It is well known that there exists a cp E X +(G) with Cp(X) = 
‘&, cp(qx). If M is the inverse image of &? in G, then 
p&dP+L-M p~pcpw= c cpmf)= 1 fish? 
implies that (M, cp) is a UPU for G. 
Let G = A K B be the semidirect product of A and B. If A 
and B are in Q, then so is G. (6) 
Proof: Let MEW, NED. We show that Mx N belongs to m(G). 
The product in G is given by 
(x1, YIKG, Yd= (Xl-% Y;2Yd? 
where we have set y” := x- ‘yx. In particular one has (x, y )-’ = 
(x-l, (y-l)“-‘). For (p, v) E Mx N this implies 
(p, v)-‘(x, y) = (p-lx, (v-y’“y). 
If (M, cp), resp. (N, $), are UPU’s in A, resp. B, we set 
x(x, Y) = 44x) ICl(r”-‘). 
Evidently x lies in S+(G) and one has 
x(h v)-Yx7 Y))=cp(P-‘x) $w1Yx-‘9, 
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hence 
i.e. (A4 x ZV, x) is a UPU on G. 
Now Proposition 1 is easy to prove: If Go is the connected component of 
the identity element of G, then G/G0 is totally disconnected and therefore 
contains an open compact subgroup H/G,. Then H is open in G and G,, 
is co-compact in H. Hence, (4) and Go E Q imply that GE 0. Thus we have 
reduced our claim to the case of connected groups. Such a G always con- 
tains a compact normal subgroup K with Lie quotient G/K. Because of (5), 
we may thus assume that G is a connected Lie group. But then G contains 
a closed solvable co-compact subgroup A. This follows for instance by 
induction over IZ = dim G. For n = 1 this is trivial. Let R denote the radical 
of G. If dim R > 0, then G = G/R contains a solvable co-compact subgroup 
A = A/R. Then A is co-compact in G and solvable. If dim R = 0, then G is 
semisimple. If Z denotes the (discrete) center of G, then the Iwasawa- 
decomposition of G/Z shows that there exists a solvable co-compact 
subgroup B = A/Z, hence A has the desired properties. 
Because of (4) we may now assume that G is a connected solvable Lie 
group without compact quotients. We once again apply induction over 
n = dim G and assume that all Lie groups H with dim H< n lie in $2. The 
assumptions on G imply that G = R K H is the semidirect product of I&’ with 
a closed normal subgroup H. Since dim H = n - 1, R and H are in Sz, hence 
by (6) also G. Proposition 1 is thus proved. 
Next, we observe that by (3) for ME m(G) the defining Eq. (1) can be 
rewritten as a convolution equation 
&M*cp=l. (7) 
If $ E%-+(G) and J $(x-l) dx= 1, then also cp * $ satisfies Eq. (7). Now 
assume that also L E m(G), x E X+(G), and sL * x = 1. If G is commutative, 
then cp * x = x * cp and consequently 
i.e., (sL+sM)*$=l for $=cr-‘cp*~~X+. So, if LnM=@, then also 
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L u ii4 belongs to m(G). However, in general sL + E,,,, = C,, E L u M up E, with 
a,= 1 for fi$ LnM, a,=2 for ALE LnM. This suggest the following 
extended definition: 
E(G) will denote the set of all positive discrete measures E on G of the 
form E = Gas ,+, apElc which have the following properties: 
(i) There exist a, A E R with 0 < a < up <A for all p EM, 
(ii) There exists a cp E X’(G) with E * cp = 1. 
We denote by M(G) the set of all supports of the measures from E(G). 
Slightly extending our previous definition, from now on a un$orm parti- 
tion of unity will be a pair (E, cp) with E E E and rp E X+, for which 
&*q=l.If&=C p E ,,,, a, EN, hence ME M(G), then clearly (2) also holds for 
M: because of 1 = C,,, a,&-‘~) 2 a &(p(~-~x), if ap > a > 0, one has 
only to replace 1 by l/a at the suitable place in the proof of (2). Also (3) 
remains valid: The supports M of the discrete Radon measures E have only 
finite intersections with any compact subset, in particular the sets M have 
no accumulation points. Finally, we have 
PROPOSITION 2. If the group G is commutative, then E(G) and M(G) are 
invariant under translations and automorphisms of G, and E(G) is a convex 
cone. 
Proof: Let (E, cp), (q, II/) be UPU’s and s>O, t >O, hence 
a=sf#dx+tJcpdx>O. Then x=a-l’p*+ is in X+ and 
(s&+tq)*X=cr-’ (sj$dx+tjqdx)=l. 
The remainder of the proof is even simpler and therefore omitted. We 
conclude: 
If G is commutative, and if L and M are in M(G), then so 
is LuA4. (8) 
Co-compact discrete subgroups of G lie always in m(G), so by (8) M(G) 
contains all finite unions of cosets of such subgroups. Since our original 
problem was the determination of m(G), respectively the determination of 
all E E E(G) of the form E = I,,, E,,, it is reasonable to restrict considerations 
now to the determination of the subfamily M,,(G) which is generated by 
m(G) and is closed under finite unions. The sets M in M,(G) correspond 
to measures E = x,,,, ups,, from E(G) with integer coefficients. We denote by 
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the subset of all these measures. Obviously E,(G) is invariant under 
translations, automorphisms, and taking sums. Our main result can now be 
formulated as follows: 
PROPOSITION 3. If G = R, then E,(R) consists precisely of finite sums of 
measures of the form 
+CC 
& a.B := c EWI+&% a > 0. 
n= -Cc 
Correspondingly, A4 lies in M,(R) if and o&y if 
MC (J (ajz + flj) 
j=l 
with aj > 0, fij E R. In particular A4 lies in m(R) if and only if A4 is the finite 
union of pairwise disjoint cosets ajZ + flj with aj > 0. 
This proposition shows that there are no other UPU’s on R than the 
standard UPU’s CT, cp(n + X) = 1 and those which can be obtained from 
such by dilations, translations, and forming sums. 
Already for G = R2 the analogue of this is no longer true: If (h, q) is a 
UPU for R, then for any family { qm}m E z in If8 the pair (Q, cp @ q) with 
Q={(m,n+q,);m,n~~}, cpocp(x~ Y)=&) V(Y) 
is a UPU for R2. But clearly in general Q is not a finite union of cosets of 
discrete subgroups of R*. 
From now on we always assume that G = R, and therefore shall only 
write m, M, E etc. instead of m(R), M( IF!), E(R) etc. We consider a fixed 
UPU (E, cp) on CR, i.e., 
E= 1 a,E,EE, cpe-f+, E*q=l. 
PcM 
(3) implies that the measure E is tempered: We can index M with Z in such 
a way that pO=O and p,,<p,+, holds for all n E Z. Then, by (2), there 
exists a constant c>O with 1~~1 2 clnl for all n E Z. This implies that for 
every 6 > 1 
A6 := c I&l --6 I2c&(S) 
n#O 
and further with a =sup ,,, aP for tj E Y(R) = 9, the space of Schwartz 
functions on IL!, 
lE(ti)l 5 a 1 W(P)1 
M 
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hence 
l&(ti)l G 4l+ 45) SUP (1 + I-4”) Mx)l. (9) 
We note that the same inequality holds with the same A, for 6 > n also 
for G = IV. 
Since E is tempered, its Fourier transform E^ exists, and E * cp = 1 implies 
that 
This implies further that the support & of 6 is contained in the union of 
(0) and the zero set of @. Since Q? is an entire function of order 1, fi is a 
discrete subset of R. More precisely, Jensen’s inequality (compare [l, 
p. 751) implies that 
For T> 0 let m(T) = #fin [ - T, T]. There exists a 
constant C = C(E) such that m(T) < C . T for all T > 0. (10) 
For 6 we obtain a representation 
as a sum of distributions 1, with support {v} c I@. First we show that 
All 1, are of order zero, i.e., are multiples of the point 
measure E, ; in particular 
is a tempered measure. (11) 
Proof: For v EG the Fourier transform 1, of II, is the product of a 
unitary character with a polynomial, whose degree equals the order of II,; 
therefore it suffices to show that 1, is a bounded function. To this end, we 
first note that 
For every o E Y the function E * o is bounded. (12) 
In order to prove (12), we may assume that lo(x)1 5 (1 + x2)-’ for all 
x and that # M n [t, t + 1 ] < q holds for all t E I& Then we have 
1 c13 
lE*4X)lI CM-p+x)KaC 
1 
M M (p-x)‘+ 1s2aq”;on2+ 1’ 
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Next, in order to prove (1 1 ), we choose a smooth function $ with compact 
support T with an T= {v} and $(x) = 1 in a neighborhood of v. Then 
@=A.,, hence &=$*E=(E*w)” with o=$~. (12) implies that E*W, 
and therefore also I,, is a bounded function, and consequently I, is a 
measure. 
Next we want to show that the coefficients b, of the measure .Z are 
bounded. To this end we choose a smooth, even, non-negative function 9, 
such that x = 9 * 9 is supported in [ - 1, l] and x(O)= 1. Then i(x) = 
,!?(x)~ > 0 for all x E R and, with 
XY.I(X) = x y 7 ( 1 
we have 
~Jx) = tek*““” IP(tx)* 
for all v E ti. 
For v E & there exists a t, > 0, such that for every p E fi, p # v, and every 
t with 0 < t < t, we have EJx~.,) = 6,,,. This implies that 
b, =6(x,,,) = ~(i,.,) = t c a,&tp)* ec2”i’p. 
M 
Because clearly OG&, we obtain 
b, = t 1 a,&p)* for O< t< to, 
M 
hence (13) implies that for t <r,=min{t,,, to}, 
lb,1 G t 1 b,&tp)’ e -2ni/r( = t 1 a,,&tp)* = 6,. 
M M 
Thus we have proved: 
For E E E the Fourier transform E^ = &, bv.z, is a tempered 
discrete measure with 0 E ii? and lb,1 <b, for all v E L& 
Moreover, m(T) = # (v E i$?; ) VJ < T) satis!ies 
sup 
m(T) -=: c,< 00. 
l-z-0 T 
(14) 
Now (14) will enable us to prove that the E EE can be considered as 
Fourier-Stieltjes transform of measures on the Bohr-compactification /3(R) 
of R; more preciseiy: We shall consider the measure E =CM a,E, as a 
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function E” on the group I&, i.e., the group of real numbers endowed with 
the discrete topology. Thus E”(x) = a,, if x = ,u EM, and E”(x) = 0, if x 4 M. 
Since &=/I(R), the Fourier-Stieltjes algebra B( I$,) consists precisely of 
the transforms 8 of Radon measures o E ~Z(fl(lw)) on /l(lR). We claim that 
ft(R,) := (~;EEE(IW)} cB(Iw,). (15) 
Proof: For XE I&! we use the abbreviation e, for the exponential func- 
tion e,(y) = e2nixy. It is well-known that a function f on IX, belongs to 
B(lR,) if and only if there exists a constant C,- such that 
for all trigonometric polynomials C lie, on /I(W) and the norm 
IPICC =suP,IP(x)l. 
As before, we choose a non-negative, smooth and even function x with 
support in [ - 1, 1 ] and 2 3 0. Because of E, * x,(y) = x(( y - x)/t) we have 
%(&,.,,)=x(y)={:, if ‘;,=-“,l>t. 
For a trigonometric polynomial p = C tje,., and the corresponding discrete 
measure 6 = C tjsXj we therefore obtain 
GB * Xt) = 1 tj 1 upEp(Ex, * Xt) = C ljEtxj) 
.i P 
for all t < min{ 1~ - xi] # 0; /J E M, j}. Therefore, 
= Id6 * Xt)l = I~(Pft)I 6 bolPlo0 1 litI. 
ti 
Thus, in order to prove (15), it suffices to show that C,Q]~~(V)I is uniformly 
bounded in t E (0, 11. 
Since i E Y(lR) one has If(x)1 = 0( [xl-“) for all a > 0. Therefore 
h(x)= sup Ili(r)l 
I ?I 3 I.4 
is an even, for x + 00 decreasing function, which also satisfies 
h(x)= 0(1x] -‘) for all a >O and which dominates Ii]. 
The estimate m(T) < C, T implies that, for fixed c with CC, < 1 for all 
k = 1, 2, . . . . 
m( ck) < k, 
UNIFORM PARTITIONS OF UNITY 11 
hence we can enumerate the v~ti in such a way that ck S (v& for 
k = 1, 2, . . . . 
The monotony of h implies that h(tv,,) 2 h( f ctk) and consequently 
1 Ntv) 5 xE~o h(ctk) 5 j:, h(ctx) dx. 
V#O 
Because of lit(v)) = t If( 5 th(tv) we finally obtain for t E (0, l] 
hence 
; Ift(v)lS f(O) + 5 j- 0) dx. 
This concludes the proof of (15). 
In order to prove Proposition 3, we apply the theorem of P. Cohen [3]: 
Let /J# 0 be a bounded Radon measure on the locally compact abelian 
group G. If the Fourier-Stieltjes transform fi on the dual group G takes on 
only integer (hence only finitely many) values, then p is a finite sum of 
measures of the form +x. dHx with x E G and the normalized Haar 
measure dHx of a compact subgroup H of G. In particular, the support of 
fi is contained in the coset ring R(G) which is generated by the cosets of 
open subgroups H’ c C?. 
In our case we have G = /I(R), G = R,, and R = R(R,) is the smallest 
family of subsets of R which contains all (also the non-closed) subgroups 
of R and which with X and Y always also contains Xu Y, Xn Y, 
X\Y=XnC Y and z+Xfor every ZER. 
As we already know, the supports M of the E E E, are discrete subsets in 
R, so we have to show that XE R is discrete in R if and only if it is of the 
form described in Proposition 3. 
The following considerations are valid up to (18) for arbitrary abelian 
groups, although we shall formulate them only for R. First we show: 
R consists of the finite unions of sets of the form 
(*) D=(E,+H,)n(E,+H,)n a.. n(E,+H,) 
with subgroups H, c R and finite or modulo Hi co-finite 
subsets Ei c R. (16) 
ProoJ: By the definition of R it suffices to show that the subfamily R, 
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of R of all sets of the form described in (16) have the same invariance 
properties as R. This is obvious for unions and translations. 
If A = U C, and B = lJ D, are in R,, with sets C, and D, of the form (*), 
then A n B = u,, y C, n D, is also in R,, since the C, n D, have again the 
form (*). If in the sequel 8 denotes the complement of X in R, then we 
have A = fl C,. For a subgroup H and finite resp. modulo H co-finite E 
one now has (E + H) = F + H with modulo H co-finite resp. finite F. Thus, 
if D is of the form (*), then also 6=U; (Ei+Hi)=iJ; (Fi+Hi) is in R,; 
hence, by what we have already shown, with A also A= n C,. This proves 
(16). 
If El = {x1, x2, . . . . xk} is finite, and if we set 
D’=(E,+H,)n ... n(E,+H,), 
then 
D=(f (xi+H,)) 1 nD’=; ((xi+H,)nD’). 
Iterating this argument, one notices that already the sets D in which the 
finite sets Ei have only one element generate the family R. Since finally 
ifil (ei+Hi)= fi (e+Hi)=e+( h Hi), 
i=l i= 1 
if eE nf=, (e,+ Hi), one sees 
Statement (16) holds already with sets of the form 
D=(x+H)n(E,+H,)n . ..n(E.+H,) 
with modulo Hi co-finite sets Ei, i= 1,2, . . . . r. (17) 
This representation of the sets D can be simplified further: First, every set 
Ei + Hi is the intersection of finitely many (x + Hi), hence 
D=(x+H)n h (vj+Hj)= h {(x+H)n(yj+Hi)} 
j=l j=l 
=x+ h {Hn(yj-x+ H,)}. 
j=l 
Next, for a subgroup L c R and y E R we either have Hn (y + L) = @, 
hence Hn(y+L)=H, ory+L=z+LforsomezEHand 
Hn(y+L)=H\(z+L)=H\(z+HnL). 
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If we apply these facts to D, we obtain 
R consists of finite unions of sets D of the form 
with subgroups Hc R and cosets R, = yj+ J, c H of 
subgroups J, c H. (18) 
Also the following result holds more generally than for R, namely for 
arbitrary abelian topological groups: 
If D = x + (H\U: Rj) is non-empty and discrete, then also 
the subgroup H is discrete. (19) 
For the proof we may assume without restriction that x = 0, and that the 
Rj are pairwise distinct. For t = 0 there is nothing to prove, so let t 3 1. It 
s&ices to show that all R, = hi + Lj, i.e., that all subgroups Lj, j= 1, . . . . t, 
are discrete, since then also H = D u R, w . . . u R, is discrete. Since D # @, 
there exists, say for j = t, a z E H with z + L, $ lJt Rj. Assume without 
restriction that z = 0. Then one has in particular L, n R, = @, hence 
As above, one shows that L,\( Ui-’ Rj) = L,\Uj”_ 1 Sj with cosets Sj c L, 
and k 6 t - 1. Since L,\U’f S, is discrete and non-empty, we may apply 
induction (on t) and conclude that L, is discrete, too, which proves (19). 
Now it is easy to prove 
PROPOSITION 4. Zf a set from R(R,) is discrete as a subset of R, then, 
except for finitely many elements, it is the finite union of sets ajZ + pi with 
aj, fij E DB, aj > 0, which can be chosen such that (ajB + /?,) n (a,h + Pk) is 
finite for j # k. 
Proof First we show that for a discrete subgroup H c [w each set of the 
form H\Ui Rj as in (18), resp. (19), is, except for a finite set, the finite 
union of cosets of the form aiz +/I. 
The discrete subgroup H of R is of the form H = aZ with real a >, 0. We 
may assume that a = 1, i.e., H = E. Then Rj = ajZ + bj with aj, bje Z. Again 
we may assume that all aj are positive. Let a > 0 be a common multiple of 
the aj. Then every Rj is the finite union of cosets of aZ, hence the same 
holds for lJ: Rj and consequently also for H\lJi R,. 
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Together with (18) and (19) this shows that every discrete set from 
R(R,) is, except for finitely many elements, of the form UT (ajZ + pi) with 
aj, pie R, aj > 0. Now the set (aI, . . . . a,} can be uniquely decomposed into 
classes A i, . . . . A, in such a way that for i# j the elements of Ai are 
rationally independent of the elements of Aj, whereas any two elements in 
a fixed class are rationally dependent. Then a,Z + /Ii and ajZ + Bj meet in 
at most one element, if ai and aj lie in different classes. Moreover, one 
easily shows that each of the sets UCLIE A, (ajZ + /Ii) can be written as the 
union of finitely many pairwise disjoint cosets of the form aZ + b. This 
implies Proposition 4. 
Proposition 3 can now be derived as follows: 
By Cohen’s theorem and (15) every measure E from E,(R) has the form 
E = C uj.sL, with finitely many Lj E R(R,) and aj E Z. If we assume without 
restriction that the sets Lj are pairwise disjoint, then the aj are non- 
negative. Thus we may assume that E already has the form E=E~ with 
L E R(R,). Therefore, by Proposition 4, there are finitely many cosets 
ajZ + pi, aj > 0, and a finitely supported measure v, such that E = v + a’, 
where E’ = c E~,~+~,. Since E and E’ are in E,(R), (14) implies that v^ = 2 - E^’ 
is a discrete measure, which only is possible if v = 0, since v is bounded. 
Therefore, E = E’, and the first statement in Proposition 3 is proved; the 
remaining statements in Proposition 3 are immediate consequences of the 
first. 
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